Previous models and experiments have shown that direction of bubble translation near a viscoelastic layer depends on both the standoff distance of the bubble and the elastic properties of the layer. Here the individual forces due to the incident sound field and the field reflected from the viscoelastic layer are shown to compete with one another and ultimately determine the direction of bubble translation. In addition, many other factors pertinent to the direction of bubble translation such as the incident acoustic waveform, the phase and propagation direction of the incident field, and the radial bubble dynamics are considered. The force due to the viscoelastic layer is calculated using a Green's function, which takes into account elastic waves and viscosity in the layer and the viscous boundary layer at the solid-liquid interface.
INTRODUCTION
Laboratory, theoretical, and numerical studies have investigated the dynamics of a microbubble near tissue or a tissue phantom, and show that direction of bubble translation depends on both the distance of the bubble from the tissue as well as the elastic properties of the tissue. [1] [2] [3] The translational dynamics of the bubble are of particular interest when it is near an elastic medium since translation is highly correlated with any jetting that may occur. This paper aims to explore the effect of the viscoelastic properties of tissue on overall bubble translation. To do so, a semi-analytic model is developed using a Green's function approach to solve for the effect of the viscoelastic medium on the bubble. This approach is identical in methedology to a semi-analytic model that was developed to simulate the radial dynamics of a stationary bubble between two viscoelasic layers. [4] In contrast, however, the present analysis employs a more simplified geometry but includes the translational dynamics. Various simulations are presented to highlight different ranges of relevant elastic parameters necessary to achieve qualitative agreement with reported experiment.
THEORY
The radial and translational bubble dynamics are described by the following coupled equations [5] :
where R is the bubble radius, U is the bubble velocity, ρ is the fluid density, P 0 is atmospheric pressure, P l is the liquid pressure just outside the bubble, and p e and u e are the external pressure and particle velocity, respectively, which will include the reflections from the interface back onto the bubble. Viscosity was taken into account for bubble pulsation by including the term −4ηṘ/R in the expression for P l , and for bubble translation by including a viscous drag force −4πηR(U − u e ), where η is the shear viscosity of the liquid. In addition, the term |U − u e | 2 in Eq. (2) was ignored due to its negligible contribution during the mild pulsation and translation simulated here.
The force responsible for translating the bubble toward or away from the viscoelastic tissue is incorporated into these external field variables and is calculated using a Green's function technique. This calculation takes into account elastic waves and viscosity in the tissue, in addition to the viscous boundary layer at the solid-liquid interface. The frequency spectrum of the Green's function is computed numerically after an analytical solution is obtained in terms of the angular spectrum. This analytical result is obtained using potentials, where the Green's function is related to the scalar and vector potentials by
Because the problem is axisymmetric about the line passing through the bubble and normal to the plane interface, the vector potential requires only one non-zero component and is therefore treated as a scalar function, where ψ (n) = ψ (n) e ϕ . Consequently, the field variables p e and u e will also be axisymmetric and the bubble translation will only occur normal to the plane interface. We take n = 1 to designate the viscous fluid and n = 2 to designate the visoelastic solid. Although the Green's function is not itself a displacement, its solution can be convolved with the source function to become displacement. Since convolution is a linear operation, we will treat g (n) as if it were displacement in subsequent sections.
Model equations
The bubble is represented mathematically as a point source that is located at point z = −z 0 along the z axis, which is normal to the solid-liquid interface located at z = 0. We introduce the temporal Fourier transform asf
The Hankel transform pair for the angular spectrum off (r) is defined to be
where J ν (·) is the Bessel function of the first kind of order ν, r = x 2 + y 2 , and F(κ) is the angular spectrum off (r). Using these transform pairs to express the potential functions φ (n) and ψ (n) as angular spectra within their respective wave equations, one obtains the following ordinary differential equations:
where Φ (1, 2) and Ψ (n) are the angular spectra of φ (1, 2) and ψ (n) using the Hankel transform of order zero and one, respectively. We have also defined κ
, k l,n = ω/c l,n , and δ is the Dirac delta function. The longitudinal sound speed is c l,n = (λ n + 2μ n )/ρ n , where λ n and μ n are the Lamé parameters and ρ n is the density of the n th medium. Here κ
, and c t,n = μ n /ρ n . Losses may be introduced into the model by introducing complex Lamé parameters, giving λ n = λ n − iωζ n and μ n = μ n − iωη n , where ζ n and η n are the dilitational and shear viscosity for medium n, respectively. The general solutions for these four ordinary differential equations are taken to be
where A, B, C, D, E, and F are unknown coefficients that are obtained by satisfying the boundary conditions.
Boundary conditions
Because of the Dirac delta function in Eq. (8), we consider this problem to have two boundaries: (1) the solid-liquid interface at z = 0 and (2) the source plane parallel to the At the solid-liquid interface we require continuity of displacement and stress. For the radial component of displacement we have
, which in the angular-spectrum domain produces
[6] Substitution of the general solutions [Eqs. (11)- (14)] into the previous equation gives
Following an identical procedure, we impose continuity of normal displacement,
, which expressed in terms of the angular spectra gives
Boundary conditions for the shear and normal stress components are derived in a similar manner and are given here without derivation. Continuity of shear stress yields
and continuity of normal stress gives
where α n = μ n κ 2 + κ 2 t,n and β n = 2μ n κ. In the source plane we require continuity of the field variable Φ (1) , expressed as
which gives, upon substitution of Eq. (11),
The final source condition defines the discontinuity over the source plane of the first derivative of Φ (1) and can be derived by integrating Eq. 
where h is the reverberant field associated with the scalar potential φ (1) . Its frequency spectrum at the center of the bubble, which shows the explicit relationship to the reverberant portion of Φ (1) , is
where we will refer toĥ(ω) as the transfer function for the reverberant pressure gradient and will always consider it to be evaluated at the center of the bubble. Equation (22) is the contribution of the reflections from the interface onto the bubble in the external pressure gradient on the right-hand side of Eq. (2). For a free response (no external driving source) it is the external pressure gradient. The transfer function for the reverberant pressure (not its gradient) is calculated in a similar fashion; however, we focus on the pressure gradient since that is the important term in Eq. (2). The reverberant portion of the vector potential has not been included in the computation of the reflected pressure or its gradient since the fluid is assumed to have no shear modulus and a low shear viscosity.
RESULTS
Two limiting cases for the material properties of the viscoelastic half-space are steel and air. Bubble translation tends toward the interface when the elastic medium is very hard, and away when its material properties are very soft. Figure 1 shows the free temporal pulsation (left) and translation (right) of a spherical bubble released from rest with initial radius 0.8R 0 in water 7.5R 0 from a steel (black, dashed curve) or air (red curve) half-space, where the equilibrium radius is R 0 = 3 μm. The material properties assigned to water for these and all the subsequent translates farther in the simulation with the water-air interface because the reflected pressure is in phase with the radial oscillations of the bubble. This also explains why the radial oscillation of the bubble near the water-air interface decays more slowly.
The only difference between the water-air and water-steel simulations is the calculation of the transfer function of the reverberant pressure gradient, Eq. (23). To better understand the mechanism responsible for determining magnitude and direction of bubble translation, we compare the frequency spectra computed for these two limiting cases. Figure 2 shows both the magnitude (left) and phase (right) of the frequency spectra calculated for both the water-air (red curve) and water-steel (black, dashed curve) simulations. While there is very little difference in the magnitudes of the two spectra, they are in antiphase with one another at the natural pulsation frequency of the bubble f 0 . [7] . Figure 3 shows the time-domain simulations corresponding to the frequency spectra for tissue-like media in Fig. 2 . The phases of the spectra calculated for μ 2 = 1 × 10 3 Pa (blue curve) and μ 2 = 1 × 10 6 Pa (purple curve) are closer to the phase corresponding to the water-air spectra (red curve) at the natural frequency of the bubble. The temporal simulations for these spectra show bubble translation away from the interface, as with the temporal simulation for the water-air interface. These examples, and many other simulations, show that-for free oscillation-the magnitude of bubble translation depends on the magnitude ofĥ(ω) at the natural frequency of the bubble, while direction of bubble translation corresponds to the phase ofĥ(ω) at the natural frequency of the bubble.
The transition of the phase of the transfer function of the reverberant pressure gradient at the natural frequency of the bubble from the phase for steel to that for air as the shear modulus increases from 1 kPa to 1 MPa is shown in Fig. 4 as a function of shear modulus of the tissue for three different distances from the water-tissue interface. As shown in experiments [1] , the direction of bubble translation not only depends on the material properties of the layer but the distance of the bubble from the interface. For these simulations, the direction of bubble translation was found to change direction from toward the interface to away from the interface as the phase in Fig. 4 passes through approximately −π/2. We note that a change in phase may also be observed by varying other material properties; the transition from low to high shear modulus is merely one example. As with most experimental results, several tissue parameters will likely change simultaneously with increasing shear modulus. The model may be of use to quickly determine which groups of material parameters will result in bubble translation in a particular direction.
We also note that observing a significant change in phase of the transfer function for the reverberant pressure gradient was rare until either assigning shear viscosity values which were lower than reported or introducing functional dependence such that the shear viscosity would again have a lower value than those reported in the literature. [7, 8] However, these values are generally obtained for lower frequencies, and not the megahertz region where the bubble naturally pulsates.
Variations in these results may be considerable once other external variables are included in the model. For instance, including an external driving force (i.e., applied sound field) will introduce a primary Bjerknes force on the bubble which may compete with the force due to reflections back on the bubble by the interface. Another suspect assumption in the modelling is the pressure in the liquid at the bubble wall; while the pressure changes are assumed to be nearly adiabatic, heat exchange is a relevant effect involved when the bubbles are laser-generated [1] , or undergo violent collapse. We note that while we were able to focus on mild bubble pulsation dominated by one oscillation frequency, a more violent collapse will involve many additional frequencies.
CONCLUSIONS
A semi-analytic model was derived and employed to study simulations of coupled bubble pulsation and translation near a solid-liquid interface. Bubble translation was shown to correspond with the phase angle of the transfer function of the reverberant pressure gradient h(ω). This phase angle was computed for various water and tissue-like interfaces, and at different distances from the interface, to show when the direction of bubble translation would change for the assigned parameters. The transfer function of the reverberant pressure gradient may provide a helpful modelling tool for understanding bubble translation.
